A graph is said to be one -regular if its automorphism group acts regularly on the set of its arcs . A construction of an infinite family of one-regular graphs of valency 4 with vertex stabilizer Z 2 2 having a non-solvable group of automorphisms is given . The smallest graph in this family has 60 vertices .
D . Marus ä i c ä 60
Cay ( Z p , S ) is a one-regular graph of valency 2 d with the vertex stabilizer a cyclic group of order 2 d . This is seen using the well known Burnside theorem on transitive permutation groups of prime degree [11 , p . 53] , which states that a simply transitive permutation group of prime degree p may be identified with a proper subgroup of the group ͕ x 5 ax ϩ b : a Z p * , b Z p ͖ , ( x Z p ) containing the group ͕ x 5 x ϩ b : b Z p ͖ , ( x Z p ) . With this notation the automorphism group of the graph Cay ( Z p , S ) above is precisely the group ͕ x 5 ax ϩ b : a S , b Z p ͖ , ( x Z p ) .
In this paper we are concerned with one-regular graphs of valency 4 . The investigation of arc-transitive graphs of valency 4 has received considerable attention [5 , 6 , 8 , 12 , 13] . Despite that , one-regular graphs of valency 4 are still a rather untravelled field . To the author's best knowledge , the above circulant construction with d ϭ 2 is the only one that generates one-regular graphs of valency 4 . For example , no construction of one-regular graphs of valency 4 with a non-solvable group is known .
The main purpose of this paper is to give a construction for an infinite family of one-regular graphs of valency 4 with vertex stabilizer Z 2 2 and a non-solvable group of automorphisms . In particular , for each alternating group A n , n у 5 odd , we shall construct a Cayley graph with one-regular automorphism group S n ϫ Z 2 (Theorem 2 . 3) .
. T HE C ONSTRUCTION
Given a graph X and a 2-path [ u , , w ] in X , we let Ꮿ ( u , , w ) denote the set consisting of all possible lengths of cycles containing the 2-path [ u , , w ] . The following lemma will prove useful later on . L EMMA 2 . 1 . Let X be a connected graph such that , for any two adjacent ertices u , V ( X ) , the sets Ꮿ ( u , , x )( x N ( ) ‫گ‬ ͕ u ͖ ) are all distinct . Then no non -identity automorphism of X fixes two adjacent ertices . P ROOF . The proof is straightforward . Let A ϭ Aut X . Assume that u and are adjacent in X and let ␣ A u , . By the assumption , we must have that ␣ fixes the neighbors of u and those of . Replacing first u by any other neighbor of and then by any other neighbor of u , the same argument as above gives us that ␣ fixes all vertices at distance 2 from u and those at distance 2 from . Continuing in this way , the connectedness of X implies that ␣ ϭ 1 . ᮀ Let Q be a generating set of a group G such that Q ϭ Q Ϫ 1 and 1
we denote the subgroup of all those automorphisms of G which fix Q . The proof of the following result is straightforward and is omitted .
, where G is identified with its left regular representation .
We may now give the construction of an infinite family of one-regular graphs of valency 4 with a non-solvable automorphism group . The following is the main result of this paper .
T HEOREM 2 . 3 . Let k у 2 be a positi e integer , n ϭ 2 k ϩ 1 and a , b S n , where 
, with the possible exception that π S may be equal to 1 . For convenience , the notation for a sequence S ϭ ( s 1 , s 2 , . . . , s l ) will be shortened to S ϭ s 1 s 2 и и и s l . By l ( S ) ϭ l we denote the length of S in this case . The in erse sequence of S is the sequence S 
be a relation of length l р n in G ϭ ͗ a , b ͘ such that » 1 Ͼ 0 . Then one of the following is true : whereas the latter implies M ϭ n , contradicting the assumption that m ϩ M р n Ϫ 3 . We may therefore assume that
Suppose first that » i Ͼ 0 for each i . Then , of course , m ϩ M ϭ l and we have essentially two dif ferent possibilities . Either » i ϭ 1 for each i and thus S ϭ ( ab ) c , or S is equivalent to some T ϭ Rab 2 , where R is a sequence of length l Ϫ 3 with all positive exponents . Since ab ϭ (1 , 3 , 5 , . . . , n Ϫ 2) (2 , 4 , 6 , . . . , n Ϫ 1) the first possibility implies c ϭ k and l ( S ) ϭ 2 k ϭ n Ϫ 1 , giving us (i) . The second possibility splits into three cases , depending on the length of S . Each of them leads to a contradiction . First , if
We may now assume that not all » i are positive integers . Combining the fact that » 1 Ͼ 0 together with (1) we end up with only four dif ferent cases to consider . Each of them will lead to a contradiction . 
we have that l is either n or n Ϫ 1 and , for » 1 ϭ 2 , we have that l ϭ n . Suppose first that l ( S ) ϭ n and
suppose that » 1 ϭ 2 and l ϭ n . If follows that π S ( n Ϫ 3) ϭ 0 . Each of these contradicts the fact that S is a relation . 
, m ϭ 0 and so l ϭ n . By computation , π S (1) ϭ n Ϫ 3 . Again , none of these is possible , since S is a relation . This completes the proof of Lemma 2 . 6 .
ᮀ
The following is an immediate consequence of Lemma 2 . 6 . let a ϭ (0 , 1 , 2 , . . . , n Ϫ 1) and b ϭ a t with t ϭ (0 , 1) .
most n ha e length n and are generated by the relations S ϭ a n and S ϭ b n .
Next , we characterize cycles of length 6 in X n ϭ Cay( G , ͕ a , a 1 , 2 , . . . , n Ϫ 1) and b ϭ a t with t ϭ (0 , 1) .
2 or , if n ϭ 7 , also from a relation equi alent to ( ab ) 2 .
and so ( ab Ϫ 1 )
2 is a relation of length 6 . Also , by Lemma 2 . 6 , ( ab ) 2 is a relation of length 6 for n ϭ 7 . Let S be a sequence of length 6 non-equivalent to either of the above sequences . Then , using Lemmas 2 . 5 and 2 . 6 , we have that , up to equivalence , S is one of the following sequences :
By computation , we have that in the first case π S (0) ϭ n Ϫ 1 , in the second case π S (0) ϭ 2 , in the third case π S (1) ϭ n Ϫ 1 , in the fourth case π S (0) ϭ n Ϫ 1 , in the fifth case π S (0) ϭ n Ϫ 3 and in the sixth case π S (0) ϭ n Ϫ 2 . Hence none of these sequences is a relation . This completes the proof of Lemma 2 . 8 .
We are now ready to prove Theorem 2 . 3 . 
where G is identified with its left regular representation .
Let r denote the right multiplication by the involution r (defined in Lemma 2 . 4) on G . It is not dif ficult to check that both ␣ r and r are automorphisms of X n ; namely , for an arbitrary vertex of X n we have that , in view of Lemma 2 . 4 
Similarly , r A . Clearly , ␣ r ԫ Aut G . Also , both ␣ t and ␣ r belong to the vertex stabilizer A 1 . In fact , they commute as t and r do and hence ͗ ␣ t , ␣ r ͘ is isomorphic to Z 2 2 . Clearly , the group ͗ Aut G , r ͘ ϭ ͗ G , ␣ t , ␣ r ͘ is one-regular . Note that Aut G ϭ S n and , since x commutes with every element of Aut G , we have that ͗ Aut G , r ͘ ϭ S n ϫ Z 2 . In order to prove that X n is one-regular with the automorphism group S n ϫ Z 2 , it remains to show that A ϭ ͗ Aut G , r ͘ . This will be done by proving that ͉ A 1 ͉ ϭ 4 or , equivalently , by proving that A 1 , a is trivial . We shall for the most part rely on the use of Lemma 2 . 1 . Let us analyse the structure of the sets Ꮿ ( a , 1 , b 
Suppose first that n у 9 . Then Lemma 2 . 8 implies that 6 Ꮿ ( a , 1 , b ) and 6 ԫ
. Combining this with (3) we have that , in view of Lemma 2 . 1 , A 1 , a is trivial and so X n is one-regular .
We are left with n ͕ 5 , 7 ͖ . Suppose that n ϭ 5 . By Lemma 2 . But ͗ a ͘ and ͗ b ͘ have trivial intersection and so the first sequence is not a relation . Moreover , b does not normalize ͗ a ͘ and therefore the second and the third sequences are not relations . Finally , the last sequence is not a relation in view of (2) . In particular ,
we may conclude that 4 ԫ Ꮿ ( a , 1 , b ) . Hence Ꮿ ( a , 1 , b ) ϶ Ꮿ ( a , 1 , b Ϫ 1 ) for n ϭ 5 . This , together with (3) , shows that , in view of Lemma 2 . 1 , A 1 , a is trivial and so X 5 is one-regular .
It remains to settle the case n ϭ 7 . By Lemma 2 . 8 , it follows that 6 Ꮿ ( a , 1 , b ) ʝ Ꮿ ( a , 1 , b Ϫ 1 ) . In particular , every edge of X 7 is contained on two 6-cycles . Assume X 7
